This paper considers the Rayleigh-Ritz variational calculations with non-orthogonal basis sets that exhibit the correct asymptotic behaviour. This approach is illustrated by constructing suitable basis sets for onedimensional models such as the two double-well oscillators recently considered by other authors. The rate of convergence of the variational method proves to be considerably greater than the one exhibited by the recently developed orthogonal polynomial projection quantization.
Introduction
In a recent paper Handy and Vrinceanu [1] proposed a method for the calculation of energy eigenvalues that is based on the projection of the bound-state wavefunction onto sets of orthogonal polynomials. The approach named orthogonal polynomial projection quantization (OPPQ) proved to be rapidly converging and more stable than the Hill determinant methods.
Among other models, the authors considered the sextic V S ( ) = 6 − 4 2 and quartic V Q ( ) = 4 − 5 2 two-well oscillators. The bound states behave asymptotically as ψ( ) ∼ − 4 /4 and ψ( ) ∼ −| | 3 /3 in the former and latter case, respectively. Handy and Vrinceanu [1] chose the * E-mail: fernande@quimica.unlp.edu.ar reference functions R G ( ) = − 2 /2 and R T T ( ) = − 4 /4 and showed that the latter is preferable for V S ( ) while the former is more convenient for V Q ( ). In fact, R T T ( ) exhibits the correct asymptotic behaviour for the potential V S ( ). At first sight, it appears to be surprising that the authors did not try the reference function R( ) = −| | 3 /3 , which is expected to be suitable for the quartic double well, since their approach permits the use of arbitrary nonanalytic positive reference functions [1] . The purpose of this paper is to show that it is quite straightforward to apply the variational Rayleigh-Ritz method (RRM) [2] with a basis set that exhibits the correct asymptotic behaviour of the eigenfunctions for the models discussed above. In addition to this, it is worthwhile to compare the well known, extremely reliable and widely used RRM with the recently developed OPPQ. In section 2 the basis sets are developed with suitable asymptotic behaviours for some general one-dimensional models. In section 3 the eigenvalues are calculated for the oscillators V S ( ) and V Q ( ) with three basis sets having different asymptotic behaviours, including the correct one for each model. The RRM and OPPQ results are compared for two models and two basis sets. Finally, section 4 summarizes the main conclusions of the paper.
Basis functions with suitable asymptotic behaviour
This section shows how a non-orthogonal basis set is built with the appropriate asymptotic behaviour at infinity. This generalizes a procedure proposed recently by Fernández [3] for a particular case. For simplicity, this paper focuses on the one-dimensional eigenvalue equation
and assumes that
Under such conditions, the eigenfunctions behaves asymptotically as
The following cases are considered: For completeness, two examples by Handy and Vrinceanu [1] are considered in this paper:
and
with asymptotic behaviours given by S 2 ( ) = 3 /3 and S 3 ( ) = 4 /4, respectively. However, Handy and Vrinceanu chose reference functions associated to S 3 ( ) and S 1 ( ) = 2 /2 for the two models. From RRM [2] , the eigenvalues are obtained approximately from the roots of the secular determinant
where H and S are N × N square matrices with elements
Once the approximate eigenvalues have been obtained, the eigenvectors can be calculated from the secular equation
where C is an N × 1 column matrix with the coefficients of the variational trial function. The application of this approach to the Schrödinger equation with a parity-invariant potential is particularly simple because it can restrict the calculation of the matrix elements to the half line > 0 [3] . Since all the matrix elements reduce to integrals of the form
then the absolute value of the coordinate does not have to be explicitly taken into account when is even.
Results
Firstly, the effect of the asymptotic behaviour of the basis set (4) and (5) on the rate of convergence of the RRM is verified. A reasonable estimate of the rate of convergence is the logarithmic error L N = log E ( ) − E (RPM) where E ( ) is the eigenvalue calculated by any of the methods described in this paper and E (RPM) is a very accurate result obtained by means of the Riccati-Padé method [4, 5] . Figure 1 shows L N for the first four eigenvalues of (7) calculated by means of the RRM with the functions S 1 ( ), S 2 ( ) and S 3 ( ) in terms of the number of basis functions N.The rate of convergence decreases according to S 2 ( ) > S 1 ( ) > S 3 ( ); that is to say, the RRM converges more rapidly when choosing the correct asymptotic behaviour S 2 ( ). In all the cases, the rate of convergence is exponential as follows from the fact that L N = 0 518 − 0 991 N, L N = 0 427 − 0 352 N and L N = 0 689 − 0 177 N, respectively. Figure 2 shows that the rate of convergence of the RRM for the potential (8) is also exponential but in this case it decreases according to S 3 ( ) > S 2 ( ) > S 1 ( ). Once again the greater rate of convergence is given by the correct asymptotic behaviour S 3 ( ). Besides, the second inequality appears to be reasonable because S 2 ( ) is closer to the correct asymptotic behaviour than S 1 ( ). At this point it is worthwhile to compare the rate of convergence of the simple, well known and reliable RRM [2] and the rather more elaborate OPPQ using the same basis set in both approaches. Handy and Vrinceanu [1] choose the reference function R G ( ) = − 2 /2 for the PT-symmetric potential V ( ) = 3 (13) and here the function S 1 ( ) is chosen for the RRM. More precisely, instead of the non-orthogonal basis set (5) , this method uses the eigenfunctions of the harmonic oscillator that are truly consistent with the orthogonal Hermite polynomials used by those authors. Figure 3 shows L N for the first four eigenvalues calculated by both methods. It clearly shows that the RRM rate of convergence is noticeably greater that the OPPQ one.
The better performance of the RRM is not restricted to the PT-symmetric cubic oscillator; this approach converges more rapidly for the two other models discussed above. For example, Figure 4 compares the logarithmic errors of both approaches for the eigenvalues of the double-well oscillator (8). In this case, the method chooses the basis set with the correct asymptotic behaviour S 3 ( ) for the RRM and the OPPQ results for R T T ( ) = − 4 /4 [1] . The differ-ence between the convergence rates of both approaches is even more dramatic for this oscillator. However, it makes more sense for small N because the number of significant digits of the OPPQ results reported by the authors is rather too small for a fair comparison at large N. Finally, it is worthwhile to show the RPM eigenvalues chosen as a reference for the calculation of the logarithmic the former approach exhibits the additional advantage that its approximate eigenvalues tend to the exact ones from above. On the other hand, the OPPQ eigenvalues do not appear to exhibit any bounding property. 
